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1 Introduction 

The fractional differential equations (FDE), as generalizations of integer-order 
ones, are used in describing various phenomena in the science, especially in 
physics, chemistry and material science, because of their ability to describe 
memory effects 5 . Today there are a number of concepts with different defi- 
nitions of fractional integrals and derivatives and their applications in various 
mathematical areas (see, for example [8^. 

At the first moment, it was considered that it exists unique definition of 
fractional derivative until some confusion appeared in the conclusions. Now, we 
know that there are two basic types: Riemann-Liouville and Caputo fractional 
derivative. Hence two types of FDE are in use with very important difference in 
initial conditions: the first one requires initial conditions for fractional deriva- 
tives; on the contrary, the second one for integer order derivatives. 
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Many of continuous scientific problems have their discrete versions. A way 
of the treatment is from the point of view of g-calculus (see, for example [4]). 
W.A. Al-Salam and R.P Agarwal [T] introduced several types of fractional 
5-integral operators and fractional g-derivatives, always with the lower limit of 
integration equal 0. 

However, in some considerations, such as solving of g~differential equation 
of fractional order with initial values in nonzero point, it is of interest to allow 
that the lower limit of integration is variable. In our paper [S], we succeed to 
generalize this theory in that direction. 

In continuation, our purpose in this paper is to define two types of the 
fractional g-derivatives based on the fractional g-integrals with the parametric 
lower limit of integration. 

2 Preliminaries 

In the theory of 9-calculus (see [B]), for a real parameter q G M+ \ {1}, we 
introduce a 9-real number [a]q by 



The g-analog of the Pochhammcr symbol (^-shifted factorial) is defined by: 




l-q" 



,a 



(a e M) . 



fe-i 



(a; 9)0 = 1 , 



{a-q)k = X{{\~aq') (fc G N U 



}) 



i=0 



Its natural expansion to the reals is 



(a; 9) 



(a; 9)00 



(a e R) . 



(1) 



(a(7";g) 



00 



Also, q- 



■binomial coefficient is given by 




a 



{q;q)k 



(_l)feq"feg-(2) 



(fc G N, a G M) . 



(2) 
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The following formulas (see, for example, [B], [3] and [5]) will be useful: 



{a;q)n 

(Qg~";g)n 
{bq-^;q)n 

{b/a;q)a 

(o; q)a+n 
{a;q)a 

{iJ'q''\q)a 



(gi-"/a;g)„ (-1)" a" 

{q/a;q)n ^^ay ^ 



iq/b;q)r 

OQ 



{aq°';q)n (n e N; a,b, q, a e 

{m°''-,q)k 



{^J■^,q)k 







e R+) ; 
e No, k <n) . 



(3) 
(4) 

(5) 

(6) 

(7) 
(8) 



The next result will have an important role in proving the semigroup prop- 
erty of the fractional g-integral. 
Let us denote 



S{a,/3,fi) = ^ 



(<7; {q;q)f}-i 

In the paper [9], the next lemma is proven. 

Lemma 1 For fi,a, P £ M+, the following identity is valid 

{m;q)a+p-i 



(9) 



(q-q) 



a+P-l 



The g-gamma function is defined by 



(xeR\{0,-l,-2,...}) 



{q'']q)c 

Obviously, 

T,{x + 1) = [x],T,{x), r,(x) = {q; - g)!"^ 

The g-hypergeometric function [6 is defined as 
'a, b 



(10) 



(11) 



(12) 



fa, b \ 



(a;g)n(fe; g)n 
(c; ?)n (g; <?)« 



The g-derivative of a function J{x) is defined by 

= (^^0), (Z?,/)(0)=lim(i?j)(:.) 
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and g-derivatives of higher order: 

D'^f^f, D^f^D,{D^-'f) (n= 1,2,3,...) . (13) 

For an arbitrary pair of functions u{x) and v{x) and constants a, /3 £ M, 
we have hnearity and product rules 

Dq{a u{x)+P v{x)) = a{Dqu){x) + f3{Dgv){x), 

Dq(u{x) ■ v{x)) — u{qx){Dqv){x) + v{x)(DqU){x) . 

In this paper, very useful examples are the g-derivatives of the next func- 
tions: 

Dq{x\a/x;q)x) = [X]qX^-\a/x;q)x-i , (14) 
Dg{a^{x/a-q)x) - -[X\y-\qx/a;q)x-i , (15) 
Dq{x^) - [X]gx^-' ■ (16) 
The g-integral is defined by 

{lq^0f){x)^ f{t)dqt = x{l-q)Y,fi^q')Q' (0<k|<l), (17) 

fc=0 

and 

p pec pd 

{I,.af){x)^ f{t)dqt= f{t)dqt- f{t)dqt. (18) 

Ja Jo Jo 

However, these definitions cause troubles in research as they include the points 
outside of the interval of integration (see [7]). In the case when the lower limit 
of integration is a = xq"-, i.e., when it is determined for some choice of x, q and 
positive integer n, the g-integral ([T5)) becomes 

/ fit) dqt = x{l - 9) ^ f{xq'^)q'' . (19) 

As for q-derivative, we can define /^^ operator by 

Ilaf = /, i:,af = I,,a {l^a^ f) [u =1,2,3,...). 

For g-integral and g-derivative operators the following is valid: 

[Dqlq^j) (X) = fix) , {lg,aDqf) (x) - /(.x) - /(fl) , 

and, more generally, 

{D^I^j)ix)^fix) (neN), (20) 

{i-aD-f)ix) = fix) - J2 TTT^ ^H^/^;q)k (^ e N) . (21) 



k=0 



The formula for q-integration by parts is 

/ uix)iDgv)ix) dqX — [uix)vix)]^^ — I viqx)iDqu)ix) dqX . (22) 
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3 The fractional g— integral 

In all further considerations we assume that the functions are defined in an 
interval (0,6) (6 > 0), and a G (0,6) is an arbitrary fixed point. Also, the 
required g-derivatives and g-integrals exist and the convergence of the series 
mentioned in the proofs is assumed. 

Definition 1 The fractional q-integral is 



{Ilaf){x) = fTTT / {qt/x-q)^.i f{t) d,t {a<x; ae R+) . (23) 



Lemma 2 The fractional q -integral ^23) can be written in the equivalent form 
Kaf){^) = f fit) d,w^{x,t) [a e R+) , (24) 



where Wa{x,t) is the function defined by 

Wc.{x,t) ^ ^ / , ^, (:r" -x"(Vx;g)a) (aeR+). (25) 
I ,(a + 1) ' 

Proof. It is enough to notice that the g-differential of Wa{x, t) over variable t is 

dqWa{x,t) = Dq Wa{x,t) dqt = (qV^i g)a 1 |--| ^2Q'j 

J- q\CK) 

Using formula (O, the integral ((23|) can be written as 

a — l °° r i"| px 

(^,"a/)(^) = friE(-l)' t'^ fit) dqt (aGR+). 

(27) 

Putting a = 1 in (|27|) . we get g-integral (fTS]) . 

The fractional integral (see, for example [8]) is the limitary case of ([23|) when 
q arises to 1, since 

lim x"-\qt/x; q)a-i ^ (x - t)"-^ . 

q/^l 

Obviously, the next equality holds: 



{Iq,af) (a) = TTi-^ / <lU-if{t) dqt = 0. (28) 

i q\(^) J a 

Lemma 3 For a G R"*" , the following is valid: 

KJ) i^) = {lq,t'Dqf) (X) + j.j^'^l^f " («/^; (« < ^) • 
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Proof. According to the formula the g-derivative over the variable t is 

Dq{x°'{t/x;q)a) ^ -[a]qx°'^^{qt/x;q)a-i ■ 
Using the g-integration by parts (P^ . wc obtain 

{I^,af)i^) = - r 1 W ^ r D,{x'^{t/x-q)^)f{t)d,t 

Lemma 4 _Fbr € M^, the following is valid: 

[qt/x- q)p^i {lU) {t)dgt = {a<x) . 



Proof. Using formulas ([8]) and p9|) . for rt G No, we have 
1 



{Ilaf){^<r) - I {aq-r-'{{qu)/{aq-);q)^_J{u)d,u 

From the other side, according to the definition of g-integral, we have 

{qt/x- (i)d,t = a(l - g) ^(ag^+V^:; (l^j) {aq")q" , 

what is obviously equal to zero . □ 

Theorem 5 Let q;,/3 G T/ie q-fractional integration has the following 

semigroup property 

Proof. By previous lemma, we have 

(^,^,a^,"a/)W ^ ^J\qtlx;q)p^^{llJ){t)d,t, 

i.e., 

[liJlaDi^) = Y^^^^ j\qt/x;q)p.^ f^-^ J\qu/t;q)^^, f{u)d,u 



r,(a)r,(/3) Jo 



{qt/x;q)p^i t"' W {qu/t;q)a-i f{u)dg 



Since, as it was proven in the paper T, the equahty 
is vahd, we conclude that 

13-1 

{qt/x;q)fj^i T"^ / {qu/t; q)o,-i f{u)dq 



r,(a)r,(/3) Jo 
Furthermore, we can write 

a+p-l i-a 



r,(a)r,(/3) Jo 

wherefrom 



{qt/x;q)p^it°' ^ / {qu/t; q)a-if{u)d. 



with 

_ 2;"+^-i(a'?'+V2;;9)«+/3-i 



r,(a + /3) 
^^-Hl-q) 



r,(a)r,(/3) 

By using formulas ([7]) and pT|) . we get 

Putting /i = q^a/x into pI7|) . we see that Cj = for all j G N, which completes 
the proof. □ 

Corollary 6 For a > n {n eN) the following is valid: 

{D-IlJ){x)^{l^--f){x) {a<x). 
Proof. The statement follows from Theorem [5] and property (PO]) . □ 
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4 The fractional g— derivative of 
Riemann-Liouville type 

On the basis of fractional g-integral, we can define g-derivative of real order. 
Definition 2 The fractional q-derivative of Riemann-Liouville type is 

r a<0 
{DlJ){x) = \ (29) 

where \a\ denotes the smallest integer greater or equal to a. 

Notice that {D'^ ^f^{x) has subscript a to emphasize that it depends on the 
lower limit of integration used in definition (j29p . Since \a\ is a positive integer 
for a G K+, then for we apply definition p3|) . 

According to definition and ([28|) . we can easily prove that 

{DlJ){a) = Q (VaeM\No). (30) 

Theorem 7 For a G M, the following is valid: 

{D,DlJ){x) = {D^+'f){x) ia<x). 

Proof. According to the formula p^ . the statement is true for a G Nq. For 
others, we will consider three cases. 

For a < — 1, according to Theorem O we have 

{D,DlJ)ix) - {D,I-^:f){x) = {D,ll-"-^f){x) 

= {D,i,.j-^-^f){x) = (/,:("+!)/) (x) = (i^,"r/)(^)- 

In the case — 1 < a < 0, i.e., 0<q; + 1<1, we obtain 

{D,DlJ){x) ^ {D,I-:f){x) ^ iD,llJ-+'^f){x) = iD^+'f){x). 
At last, if a = n + e, n G No, < £ < 1, then a + 1 G (n + 1, n + 2), so we get 

{DgDlJ)ix) = {D,D-+^ll-^f){x) = {D-+'lla'f){x) = {D'^,%'f){x). □ 
Theorem 8 For a G M \ No, the following is valid: 

_m ^ 

Tqi-a)' 

Proof. Let us consider two cases. If a < 0, then, with respect to Lemma |3l 
Theorem [S] and formulas and ([^0]) , the following holds: 

= {D,DlJ)ix) - {D,I-2f)ix) 



(Dl^DJ) (x) = (D^+'f) (x) ~ -I\J-^x-^-\a/x- g)_„_i [a < x) 



= D,[{l-^:+'D,f){x) + x""(a/x;g)_„) 

= {D,I,,aI-:Dj){x) + ha],x-"-i(a/x;q)_„_ 
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If a > 0, there exist n G No and e G (0, 1), such that a = n + e. Then, applying 
the similar procedure, we get 

{D^+'f){x) = {D,DlJ){x) = {D,D-+^ll-^f){x) 



= D-+^({ll-^Dj){x) + x'-^{a/x;q),.,) 

/(«) n"+2/'„l 



,(2-e) 

)- 

/(«) 



= (Z?^",„I?,/)(a;) + .^^a;-"-i(a/x;g)_„_i. □ 
J- gl, Q;; 

Corollary 9 The semigroup property for fractional q-derivative of Riemann- 
Liouville type is not valid, i.e., in general 

{Dl,Dlj){x)^{D^+^f){x). 



Example 1 Notice that from 

(a;'"' (a/a;; 9)^-1) =0 (n e No; < £ < 1) 
we have two different conclusions. From one side, it is true 

lim2)^+-(a;^-i(a/:r;g),_i) = = {D^+'l){x) = D^+'{x°{a/x;q)o) . 

But, from the other side, it is 

\imD^+'{x'-\a/x-,q)e-i) = 0^ D^{x-\a/x-,q).,) . 

So, we conclude that the mapping a h- > D^^^f is not continuous from the right 
side over variable a. 



5 The fractional ^—derivative of Caputo type 

If we change the order of operators, we can introduce another type of fractional 
g-derivative. 

Definition 2 The the fractional q-derivative of Caputo type is 



{.DlJ){x)=< 



(/-«/) (ar), a<0 

(31) 
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Theorem 10 For a £ R \ No and a < x, the following is valid: 

/(«) 



X " {a/x;q)- 



, 



a < -1 , 



a > -1 



Proof. As in Theorem [3 we will consider three cases. For a < — 1, according to 
Lemma [21 we have 

{.D^+'f){x) = {l-r'f){x) = + T^P-S x—\a/x;q)^^., 

fia) 



= {.Dl,Dj){x) 



x " {alx\q)^a- 



rg(-a) 

In the case — 1 < a < 0, i.e., < a + 1 < 1, we obtain 

{.D'^,i'f){x) = = {l-2D,f){x) = {.Dl,D,f){x) 

Finally, if a = n + e, rt G No, < e < 1, then a + 1 G (n + 1, n + 2), so we get 

{.D-,X'f){x)^{ll-^D-+^f){x) 

= {ll-'D-+'D,f){x) = {^Dl,DJ){x) . □ 

Theorem 11 For a G M \ No and a < x, the following is valid: 

{D, .DlJ)ix)-{.D^+'f)ix) 



I r,([a] - a) 



xM-^-i(a/x;q)^^y 



a < -1 , 



a> -1 . 



Proof. At first, let a < 0. Using Lemma [31 Theorem [5] and formulas and 
(HOI), we get 



{D, .DlJ){x) = {D,I~^f){x) 

- {D,I-^:+'D,f){x) 



fia) 



r5(-a + i) 



-D. 



x " ^{a/x;q)-a^ 



The required equalities are valid both for a < —1 or —1 < a < 0, according to 
Lemma [TUl 
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If a > 0, there exist n G No and e G (0, 1), such that a = n + e. Then, 
applying the similar procedure, we get 



6 The fractional g— integrals and g— derivatives 
of some elementary functions 

We will use previous results to evaluate fractional g-integrals and g-derivatives 
of some well-known functions in explicit form. Here, it is very useful to remind 
on q-form of Taylor theorem 



given by Jackson (see [3]). The next lemma will have crucial role in reaching of 
our goal. 

Lemma 12 For a e K+ \ No, A G (—1, oo), the following is valid 





(32) 




[a < x) , 







A e No; a > A , 





Proof. For A 7^ 0, according to the definition we have 



Il,{x\a/x-q)>.) 




Also, the following is valid: 



00 



{qt/x; q)a-i t^{a/t; q)\dqt = a 



A+l 



(1-g) Y,{aq^+^lx- g'=^(g-^ g)A q^ , 
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what vanishes because of Therefrom, according to definition ^T7\ . we get 

{qt/x;q)a-i t^{a/t;q)x dqt 

^X>^+\l~q)Y,{q^+^;q)^^, {a/ {xq^Y q) ^ q^'+^^^ . 
k=0 

We notice presence of © in the previous formula, i.e. 

{qt/x;q)a-i t^{a/t;q)x dqt 

= (1 - q) (g; q)a-i {q;q)\ s(^X + l, a, a/ {qx)j . 

By using pUj) . we get 

{qt/x; q)a-it^{a/t; q)xdqt = (1 - ^^^Slihzliijblh. x-^+^(a/x; q)a+\, 
and applying (|12p . we obtain the required formula for ^(^x^ {a / x; q) \j when 
In the case when A = 0, using g-integration by parts (|22p . we have 
Uq.al a; = TTTT / {qt x;q)a,-idqt = — ^ / ^ — '-dqt 

-1 r 1 

Dq{x"{t/x;q)a)dqt ^ x°'[a/x;q)a ■ 



The terms for q-derivatives can be obtained by applying definitions ([29]) and 
(EH). □ 



Corollary 13 For a G R+ \ No, n G No, and a < x, the following is valid: 

x^+"{a/x;q)k+a 



fe=0 



fe=0 



x^^°'[a/x;q)k-a 

{q;q)k~a 



n" ("^""i — (g ^ ^ ^ j g)ra1 v-^ „n-k(n-k+i.\ °'{a/x;q)k-a 
(Notice that j,_D^^(a;") = w/ien a > n.) 

The g-exponential functions (see [5]) can be written like power series or, 
applying q-form of Taylor theorem ([5^ . by 



n=t) n=0 
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Corollary 14 For a G \ No and Q < a < x < 1, the following is valid: 

a;"+"(a/x;<?). 



}n-\-a 



n=0 (9;9)n+a 



n=0 



"{a/x;q)n-a 
{q;q)n^a 

.Dl^{e,{x)) = (l-g)-"e,(a) ^"""W^^g)-" . 

r T I9i q n-a 

n— I Q I 

Corollary 15 i^or a G \ No and < a < x, the following is valid: 



n=0 



£;,(a) ^ x-''-^{a/x;q)n-c. 



(1 (""'g)" (9;9)n-a 

n— I Q I 

7 The relationship between fractional 
g— integrals and g— derivatives 

It is very important to establish the connection between two types of the frac- 
tional q-derivatives. 

Theorem 16 Let a G \No and a < x. The connection between Caputo type 
and Riemann-Liouville type fractional integral is 

{DlJ){x) ^ {.DlJ){x) + r,(l + fc-a) ^ ^"^°/^'^^^-" 

Proof. Any a G M+ \ Nq we can write in the form a = n + e, where e G (0, 1). 
We will prove the statement by mathematical induction over n G No- 
At first, let n — 0, i.e., a G (0, 1). According to Lemma [31 we have 



- ( 

/(a) 



By g-deriving, we get 

D,llaV)i^) - {D,I,,a{.D^.J)){x) + ^J^^D,[x^-'^{a/x;q)^.^), 
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and, with respect to (HI]), 

Suppose that the statement is valid for a real a = n + e, e G (0, 1), for a positive 
integer n gN and let us prove that it is valid for a = n+l+e. Indeed, according 
to Theorem [71 the next equality is valid: 



{DlJ){x) = [D,D-+^fj{x). 

With respect to the inductional assumption 

" (D^f)(a) 

{D-i^f){x) = + E r,(i + fc n - ,) ^''"'^ (°/^; 

and the formula (|14p . we can write 
{DlJ){x) 

= {D, .D-X^f){x) + E r^(/f/!^"^_ (a/x;g)._„_,) 

Using the Theorem [TTl we obtain 

{D, .D-X'f){x) = {^D-+^+^ f){x) + x-^a/x-qU ■ 

So, 

" (D^f)(a) 

^ " " ~ 

what is finishing the proof. □ 

Here, we will discuss behavior of compositions of previously defined opera- 
tors. 

Theorem 17 Let a G M+. Then, for a < x, the following is valid: 

{DlJlJ){x)^ f{x) . 
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Proof. With respect to Theorem [S] and the formulas ([^0]) and (pij) . we have 

Theorem 18 Let a eR+ \ N. Then 

{llaDlJ){x)^ fix) {a<x). 
Proof. Let a £ (0, 1). Since, according to (I2ip . we can write 

/(x) = (/,,ai?,/)(x)+/(a) , 
and, by using Theorem [5] and Lemma [T^] we have 



Applying on both sides of equality, we obtain 



{D,ll-"Dj){x) + -^^Z?,(xi-"(a/a:;g)i_„) 
/(«) 



= {llTD,f){x) + _iA_Z_2;-"(a/x;g)-o • 

Now, again with respect to Theorem [5] and Lemma [T2l the following is valid: 

{llaDlJ){x) = {llJl-'^D,f){x) + _M_/^"^(a;-"(a/x;q)_„) 
= (/5,,i?,/)(a;)+/(a) = /(x) . 

Let a = n + £, with ?i G N, < e < 1. Putting a ^ a — 1 and / i-^ D^a^f into 
Lemma [3l and applying Theorem [7l we get 



According to property ([50]) , we conclude that 
Repeating the last identity n times, we get 

{IlaDlJ){x) = (/,"-"i?,"-"7)(.T) = {IlaDlJ){x) = f [x) , 

what is finishing the proof. □ 
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Theorem 19 Let a £ R"*" \ N. Then, for a < x, the following is valid: 



[lla*DlJ){x)^f{x)^ ^ ^ ' x\a/x-q), 

fe=0 



Proof. With respect to Theorem [5] and the formulas ([^0]) and (PT|) . we have 

Theorem 20 Let a G \ N. Then, for a < x, the following is valid: 

{.DlJlJ){x)^f{x) . 

Proof. Putting / Iqaf i^to Theorem [TBI and using Theorem[T8l CoroUary[6] 
and formula ([28|l . we get 

{^DlJlJ){x)^{DlJlJ){x)~ J2 V nil 

^"1^1 (a) , 

Theorem 21 Let a G R anc? /3 G R^. Then, for a < x, the following is valid: 

Proof. Let a ~ n + e and (3 = m + 5, where n > m and e, (5 G [0, 1) such e < d. 
Then 

= K+'C^'+'"' /)(^) 

= (^r' 4?a+' fW) 

^ {D--^ I'q-^ f)[x) . 

From the other side 

{D'^,-^f){x) = 4r''i-("-«/)(x) = (i?;-™ . □ 



Theorem 22 Let a G R \ N and (3 G R^. Then, for a < x, the following is 
valid: 



16 



Proof. If a < 0, the statement follows immediately from the definition and 
Theorem [5] 

Let < a < (3. Then, with respect to Theorem [S] and Theorem [T51 we have 
Finally, let a > /3. According to Theorem [THl we can write 

Applying D'^~^ on both sides of the last equality, we finish the proof. □ 

Notice that statement of Theorem [51] is not valid for a G N. In that case, 
the following identity holds: 

{iiaD-f){x) = {D^^:ff){x) - x: 1) ^''"^''(«/^''^)^-"+^- ■ 

Indeed, if a = n < /3, by using Theorem EJ formula ((2T|) and Corollary [121 we 
get 

{ll,aD'if){x) = {lta''Il,D-f){x) 



fe=0 



In similar way, by using Theorem [THl Theorem [TSl Theorem [51] and Theo- 
rem [551 the next properties can be proven. 

Theorem 23 Let a G M \ N and (3 G M+ . Then, for a < x, the following is 
valid: 

Theorem 24 Let a < c < x and a G M+ \ N. Then the following is valid: 

{il.DiJ){x) = 

- E r,(a-fc + i) " (^Z-''^)-- 
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